Doped Orthogonal Metals Become Fermi Arcs by Chen, Chuang et al.
Doped Orthogonal Metals Become Fermi Arcs
Chuang Chen,1 Tian Yuan,2, 3 Yang Qi,2, 3, 4 and Zi Yang Meng5, 1, 6
1Beijing National Laboratory for Condensed Matter Physics and Institute of Physics,
Chinese Academy of Sciences, Beijing 100190, China
2State Key Laboratory of Surface Physics, Fudan University, Shanghai 200433, China
3Center for Field Theory and Particle Physics, Department of Physics, Fudan University, Shanghai 200433, China
4Collaborative Innovation Center of Advanced Microstructures, Nanjing 210093, China
5Department of Physics and HKU-UCAS Joint Institute of Theoretical and Computational Physics,
The University of Hong Kong, Pokfulam Road, Hong Kong SAR, China
6Songshan Lake Materials Laboratory, Dongguan, Guangdong 523808, China
(Dated: July 14, 2020)
Orthogonal metal and semi-metal are recently discovered unconventional metallic states origi-
nated from strongly correlated lattice models. They are orthogonal to the established paradigm of
Landau’s Fermi-liquid (FL) in the sense that they acquire no Fermi surface (FS) but still conduct
electronically and respond magnetically, and are therefore expected to hold the key of understanding
experimental observations of non-Fermi-liquids – ranging from high-temperature superconductors to
twisted graphene heterostructures. Here, we go a step further by doping the orthogonal semi-metal
state in the lattice model, and unveal via unbiased quantum Monte Carlo simulation that the doped
orthogonal semi-metal becomes Fermi arcs that go completely beyond the Luttinger sum-rule with
broken FS but no symmetry breaking. The Fermi arcs coexist with a background of deconfined
Z2 gauge field, and we find the confinement transition as well as the hopping of the gauge-neutral
composite fermion will bring the ’large’ FS back upon approaching a FL phase. The entire phase di-
amgram that contains Fermi arc metal, deconfined FL and confined FL are mapped out in unbiased
manner.
INTRODUCTION
As the cornerstone of condensed matter physics, Lan-
dau’s Fermi liquid (FL) theory states that at zero tem-
perature, a Fermi liquid has a closed Fermi surface (FS)
marked by the momenta of gapless quasiparticle excita-
tions, similar to its noninteracting counterpart. When
the electron number is held fixed, the volume inside the
FS is invariant upon interaction, this is the so-called Lut-
tinger’s theorem (LT) [1], and the perturbative argument
has been modernized from a topological perspective [2–
4]. Under these guidelines, the volume inside the FS is
conserved even in an interacting FL, and the reduction
of FS must come from the breaking of symmetries which
enlarges the elementary unit cell of the problem at hand.
Given the stringent requirement of LT, the ample ex-
perimental observations of correlated electron systems
that obviously violate the relation between the volume
of quasiparticle FS and the electron filling therefore post
a serious challenge and show how little we actually know
about the interacting metallic states. These systems are
in general dubbed non-Fermi liquid (nFL) – ranging from
the Cu-, Fe-, Cr- and Mn-based superconductors [5–10],
heavy fermion compounds [11–16], to the recently discov-
ered twisted graphene heterostructures [17–20]. In par-
ticular, the experimental observation of Fermi arcs [21–
26], where the FS in underdoped cuprates does not form
a continuous contour in momentum space but breakup
into disconnected arcs, and shrink with decreasing tem-
perature and collapse to the point nodes below Tc, offers
the clearest violation of the Luttinger’s theorem and still
await a well-accepted explanation.
Many theoretical proposals have been put forwarded
over the decades to address Fermi arcs in specific and
nFLs in general, such as the flucutations of the d-wave
pairing [27], competing order with superconductvity [28],
finite-termpture life-time effects [29], the fractionalized
FL∗ phase [3, 30–33] and SYK type of nFL [34–36], where
the latter two are shown to exist by recent quantum
Monte Carlo (QMC) simulations [37, 38]. And the vi-
olation of the Luttinger counting has been seen in 16-site
DCA simulation of doped Hubbard model [39]. How-
ever, it is fair to say that until the present days, there
exist no lattice realization of a strongly correlated model
at generic fillings which can be unambiguously shown to
give rise Fermi arcs. In particular, the FL∗ phase still has
a closed Fermi surface, enclosing an area that is different
from the prediction of the LT by half of the Brillouin Zone
(BZ), with the other half taken by fractionalized excita-
tions to conserve the total momentum [3, 30], whereas a
state with Fermi arcs has discontinuous Fermi surfaces
and a Luttinger volumn cannot even be defined.
This is the knowledge gap we would like to fill in. Here
we show, that a finite-temperature Fermi arc state at
generic filling can be constructed in a lattice model of cor-
relate electrons and observed with unbiased large-scale
QMC simulations. The state of Fermi arc can indeed
happen without any symmetry-breaking, and therefore
appears to violate the Luttinger theorem, and consistent
with the experimental signatures of Fermi surface recon-
struction in cuprate materials in the underdoped regime.
Just like the Fermi arc state in cuprate materials, the
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2FIG. 1. Spectral function A(k, ω = 0) and spin susceptibility χ(q, ω = 0). The parameters are L = 20, T = 0.05, µ = 1.2 and
g = 0.5 with t = 0.2 (filling n = 1.13) in (a), (b) and t = 1.0 (filling n = 1.11) in (d), (e). The blue, yellow and green squares
are the representative momenta at nodal ( 3pi
5
, 3pi
5
) and antinodal (( 3pi
5
, 0) and ( 4pi
5
, 0)) directions. The quasiparticle fractions
at these points are analyzed in Fig. 4. The Fermi arcs are seen in (a) and large FS is shown in (d). (b) shows the c-fermion
spin susceptibility χ(q, ω = 0) inside the Fermi arc phase, (c) shows the spin susceptibility for doped free pi-flux Dirac cones
to the same filling as in (b). They acquire the same magnetic response meaning that the Fermi arc phase has a hidden FS
of f -fermions with the same shape of doped Dirac cone. (e) shows the c-fermion spin susceptibility for the large FS case and
(f) shows that of free Hamiltonian H = −∑i,j(tijf†i,αfj,α + h.c.) − µ∑i f†i,αfi,α with NN and NNN hoppings and tuned to
the similar shape. The fermionic spin susceptibility in (e) stems from contributions of both f -fermion and c-fermion, and it is
slightly different from the χ(q, ω = 0) in (f) which only comes from the free large FS with the shape of (d), but they share the
same shape.
Fermi arcs discovered here are finite-temperature phe-
nomenon. The true ground-state of our model is an or-
thogonal metal with a hidden Fermi surface. At zero
temperature, such an orthogonal-metal phase actually
satisfies an extended variant of the LT, where a volume
equal to one half of the BZ dispears because of an odd
Ising gauge field, while the rest of the Luttinger volume
goes into pockets of hidden Fermi surfaces, formed by
fractionalized quasipartiles carrying gauge charge.
The lattice model we constructed, is comprised of
fermion matter field, Ising matter field and they are min-
imally coupled to a Z2 gauge field. We found that by
doping the fermion matter field away from half-filling,
Fermi arcs could result and coexist with a background
of deconfined Z2 gauge field. The Fermi arc phase with
broken FS can transition into ’large’ FS that respects the
LT, either via the the enhancement of the hopping of the
gauge-neutral composite fermions or via the confinement
of the Z2 gauge field. The QMC simulation reveal that
the transitions from Fermi arc to ’large’ FS look con-
tinuous, and in the entire phase diagram that contains
Fermi arc metal, deconfined FL and confined FL there
exist no symmetry breaking of any kind. These findings
offer the first realization of the Fermi arc phase from a
lattice model at generic filling in unbiased manner.
MODEL AND FERMI ARCS
Our model, inspired by the proposal and recent re-
alizations of orthogonal fermion construction [40–43],
has the following Hamiltonian on a 2D square lattice,
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FIG. 2. Lattice model, phase diagram and schematics for Fermi arc and FL states. (a) The lattice model in Eq. (1), on a
square lattice, there are composite fermions ci,α = fi,αS
z
i on each site i, comprised of orthogonal fermion field fi,α and Ising
matter field Szi . The Z2 gauge field σ
z
b lives on the bond b. The blue ellipse is the composite fermion, the combination of
orthogonal fermion and spin field. (b) t− g phase diagram of the model. At g < gc, t < tc, the Fermi arc state is obtained by
doping the OSM (orthogonal semi-metal). g < gc, t > tc, the deconfined FL phase with Z2 topological order coexists with large
FS. At g > gc, the pi-flux state of the Z2 gauge field is confined and the fermion then forms a conventional confined FL with
large FS. (c) The red pockets are the hidden f -fermion FS inside the fermi arc phase (g < gc, t < tc), undetectable through
single-particle spectra, but can be inferred from the spin susceptibility data Fig. 1 (b). The blue arcs are the Fermi arc in this
phase that can be detected from experiments such as ARPES. (d) The blue circle is the c-fermion large FS inside both the
deconfined and confined FL phases.
H = Hf +Hz +Hg +Hc, where
Hf = −
∑
〈i,j〉
(f†i,ασ
z
b〈i,j〉fj,α + h.c.)− µ
∑
i
f†i,αfi,α,
Hz = J
∑
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z
b〈i,j〉S
z
j − h
∑
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
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b∈
σzb − g
∑
b
σxb
Hc = −t
∑
〈i,j〉
f†i,αS
z
i fj,αS
z
j + h.c.. (1)
The model is depicted in Fig. 2 (a) with the parameters
simplified in the following manner: Hf is the orthogonal
fermion part, with nearest neighbor (NN) hopping am-
plitude set at unity, the chemical potential µ controls the
filling of the f fermions and α =↑, ↓ is the spin index; Hz
is the Ising matter field part, with NN antiferromagnetic
interaction J = 0.1 and the transverse field h = 0.25 to
add quantum fluctuations; Hg is the Z2 gauge field part,
with K = 1 such that pi-flux per plaquette  is favored,
and g triggers the deconfinement-confinement transition
of the gauge field. The last term, Hc, defines the NN hop-
ping of the physical – gauge neutral – composite fermion
c†i,α(ci,α) = f
†
i,αS
z
i (fi,αS
z
i ), denoted as the blue ellipse in
Fig. 2, and we tune t to enhance the c-fermion hopping
such that the Fermi arc to ’large’ FS transition can be
realized. The quantum Monte Carlo implementation of
this model, and with the Hc term that requires block
update scheme, is present in detail in the Supplemental
Material [44].
As shown in previous works [42, 43], at half-filling of
the f -electrons (µ = 0), the zero-flux of the Z2 gauge
field can give rise to an orthogonal metal state in which
the FS of the c-fermions vanishes with their quasiparticle
fraction reduced to zero. And the pi-flux of the Z2 gauge
field produces an orthogonal semi-metal state in which
the FS of the c-fermions reduce to four Dirac points lo-
cated at the nodal point (±pi2 ,±pi2 ) of the BZ. Here we
start from the orthogonal semi-metal state but tune the
chemical potential µ away from half-filling.
The most striking results are show in Fig. 1. These are
simulation results for L = 20, T = 0.05(β = 20), g = 0.5,
where we first contrast the Fermi arcs inside the doped
orthogonal semi-metal phase in Fig. 1 (a) (with t = 0.2)
with the large FS inside the deconfined FL phase in Fig. 1
(d) (with t = 1). The c-fermion spectral function can be
approximated via its Green’s function as A(k, ω = 0) ∝
βG(k, β/2). The chemical potential in both cases are at
µ = 1.2 and their corresponding fillings are n = 1.13
and n = 1.11. At such filling, the large FS in Fig. 1 (d)
respects the LT and the Fermi arc in Fig. 1 (a) certainly
violates it. Later on we will show that the Fermi arc
state indeed acquires broken FS with vanishing spectral
weight at the BZ boundaries.
Fig. 1 (b) and (e) are the magnetic response of the
Fermi arc metal and FL metal in Fig. 1 (a) and (d). We
measure the magnetic susceptibility of the c fermions,
χ(q, ω = 0) = 1βN
∫ β
0
dτ
∑
i,j e
iq·rij 〈(n↑i,c−n↓i,c)(τ)(n↑j,c−
n↓j,c)(0)〉. This quantity is gauge-neutral and demon-
strates the magnetic response of the system (note that
χ is also the magnetic susceptibility of the f -fermions,
as c is related to f by ciα = fiαS
z
i , and (S
z
i )
2 = +1.)
It is interesting to see that in both cases the magnetic
responses are strongest in the vicinity of (pi, pi) (see the
ring-shaped circles) which means that both cases acquire
similar shape of FS that gives rise to similar magnetic
response, only that in the former it is of the gauge-
dependent, hidden FS of f -fermions but in the latter,
it is the FS of gauge-neutral c-fermions.
To make the constrast clearer, in Fig. 1 (c) and (f)
4we also prepared the magnetic susceptibility for free
fermions. In Fig. 1 (c) we compute the χ(q, ω = 0)
for doped Dirac fermions, which is generated by the pi-
flux square lattice by using Hf in Eq. (1) only and re-
place the Z2 gauge-field therein with static phase factor
ei
pi
4 . At the filling n = 1.13 we observe almost identical
χ(q, ω = 0) with that of the Fig. 1 (b), this again implies
that the Fermi arc state actually acquires a hidden Fermi
pockets of f -fermions with the same shape of doped Dirac
cones. And consequently gives rise to the same magnetic
response as that of the doped Dirac cones, although the
actual FS of doped orthogonal semi-metal is the broken
Fermi arcs which violate the LT.
Lastly, in Fig. 1 (f), we plot the magnetic susceptibility
of free fermion with large FS, obtained from Hamiltonian
H = −∑i,j(ti,j,αf†i,αfj,α + h.c.)− µ∑i f†i,αfi,α, we tune
the hopping ti,j with tNN = 1.0 and tNNN = 0.1 and
µ = −0.5 such that this free system will also gives rise to
FS similar to Fig. 1 (d). The χ(q, ω = 0) of such large
FS are shown and it also demonstrate the bright response
close to (pi, pi).
PHASE DIAGRAM
With the Fermi arc and large FS phases seen, we move
on to the entire phase diagram. As shown in Fig. 2
(a), our model is the doped version of the orthogonal
semi-metal model [42] and when comparing with our pre-
vious orthogonal metal model [43], it is the c-fermion
hopping t that has been added here. And the obtained
phase diagram from the QMC simulation, as shown in
Fig. 2 (b), contains three different phases: the Fermi arc
metal phase, the deconfined FL metal phase and the con-
fined FL metal phase. The transition between Fermi arc
and deconfined FL phases is triggered by the compos-
ite fermion hopping t, as shown in the Fig. 1 (a) and (d)
with t = 0.2 and t = 1, respectively. The heuristic under-
standing of the FS of these two phases are shown in Fig. 2
(c) and (d). It is clear that inside the Fermi arc phase,
the f -fermion acquires the FS of doped Dirac cones, as
denoted by the light red pockets in Fig. 2 (c), but the FS
of the c-fermion here is only the broken arcs, as denoted
by the solid blue arcs. However, when the c-fermion hop-
ping is enhanced, the system enters a metallic phase with
large FS, as deonted by the solid blue circle in Fig. 2 (d).
Inside this phase, the Z2 gauge field is still deconfiend,
coexisting with a free fermion metal with large FS.
There is another phase when the Z2 gauge field is con-
fined, with the enhancement of g in Hg, this is the con-
fined FL phase in the phase diagram. Here the Z2 gauge
field is Higgsed and the phase corresponds to the normal
metal phase in our previous orthogonal metal work [43].
The transition from Fermi arc phase and deconfined FL
phase to the confined FL phase can be seen from the
the average Z2 flux per plaquette, B =
1
N
∑

∏
b∈ σ
z
b ,
FIG. 3. Z2 flux, susceptibility and quasi-particle weight. (a)
t = 0.3, µ = 1.2, L = 20, T = 0.1 by tuning g, the model goes
from Fermi arc phase to confined FL phase. The transition
point can be estimated from the peak of the Z2 flux suscep-
tibility ∂〈B〉/∂g. (b) t = 1.0, µ = 1.2, L = 20, T = 0.1 the
transition from deconfined FL phase to confined FL phase can
also be determined from the Z2 flux and susceptibility data.
(c) g = 0.5, µ = 1.2, L = 20, T = 0.1. In order to distinguish
the Fermi arc state from the deconfined FL, we monitor the
quasi-particle weight Z(k = ( 4pi
5
, 0)) at the antinodal point.
In the Fermi arc phase, the antinodal direction is gapped with
small weight and in the deconfined FL phase the large FS is
formed with substantial weight at antinodal point, one can
roughly determine the transition point to be near t ∼ 0.5.
and its susceptibility, ∂〈B〉/∂g, which were used to detect
deconfinement-confinement transition [42, 45, 46]. Fig. 3
(a) and (b) show the results in sample paths as g in-
creases. There indeed exist a change in 〈B〉 and a peak
in ∂〈B〉/∂g for t = 0.3 in Fig. 3 (a), and for t = 1.0 in
Fig. 3 (b). These results signify the transition from Fermi
arc state with Z2 deconfinement to the confined FL state
at gc ∼ 0.75 and the transition from deconfined FL state
to the confined FL state at gc ∼ 0.75. The corresponding
phase boundaries in Fig. 2 (b) are drawn in this way.
Fig. 3 (c) tries to locate the Fermi arc to the de-
confined FL transition, via the quasiparticle fraction
Z(k) ∼ βG(k, β/2) and we chose the antinodal point
k = ( 4pi5 , 0) with g = 0.5 as a function of t. It is clear that
inside the Fermi arc phase, the quasiparticle fraction is
vanishingly small at this finite size (L = 20) which hints
the existence of gapped spectra there and only Fermi arc
remains, while when t ∼ 0.5 there is a changes of the
slope of increasement of the Z(k) at the antinodal point
which suggests the formation of the large FS, although
the topological order still persists as shown in Fig. 3 (b).
The transition, between the Fermi arc phase and the de-
confined FL, is estimated in this way.
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FIG. 4. Temperature dependence of the quasi-particle frac-
tion at nodal Z(k = ( 3pi
5
, 3pi
5
)) and antinodal Z(k = ( 3pi
5
, 0))
points inside the Fermi arc and deconfined FL phases, with
system size L = 20, µ = 1.2. The electron filling n = 1.13 for
t = 0.2 and n = 1.11 for t = 1.0.
FERMI ARC REVISITED
Finally, let’s go back to the Fermi arc phase and clarify
a few important points. The first one is whether the
FS is indeed broken close to the zone boundary inside
the Fermi arc phase, and this can be confirmed from the
comparison of the quasiparticle fraction along the nodal
and antinodal directions. As shown in Fig. 4, it is clear
that at finite temperature, inside the Fermi arc phase, the
quasiparticle fraction along the antinodal direction (red
triangles) is vanishingly small compared with that along
the nodal direction (red circles). Suggesting the existence
of pseudogap-like Fermi arc. And inside the deconfined
FL phase, the quasiparticle fraction at both directions
(black triangles and circles) are well finite, suggesting
the existence of a large FS.
Another question is about the properties at the ground
state. As shown in Fig. 4, as temperature decreases, the
finite quasiparticle fraction at the nodal direction inside
the Fermi arc phase also slowly extrapolates to zero (we
stress that this is a very rough estimation with only one
system sizes and only decreasing the temperature), sug-
gesting the true ground state of the Fermi arc phase is a
orthogonal metal with hidden f -fermion pockets.
This understanding of the ground state is consistent
with the mean-field-theory analysis presented in the
SM [44]. In fact, in the limit of g, t → 0, the fluctua-
tion of the Z2 gauge field and the interaction between
the f -fermions and the Ising spins Szi can be ignored,
and the system is descibed by the mean-field picture. In
this limit, the c-fermion spectrum is given by a convolu-
tion of spectra of f -fermion and Sz excitations. At finite
tempteratures, our mean-field calculation indeed shows
that this convolution gives Fermi arcs qualitatively simi-
lar to the observation of DQMC simulations in Fig. 1(a).
On the other hand, at zero temperature, the c-fermion
spectrum vanishes because the Sz excitations is gapped
(the transverse-field Ising model is in the paramagnetic
phase).
With such understanding, we cannot resist the temp-
tation of making connections of our observations with the
Fermi arc observed in cuprate experiments [21–26]: our
Fermi arc phase shows a strong depletion in the quasi-
particle weight at antinodal points (a strong concentra-
tion of spectral weight at the nodal points); there is no
translational symmetry breaking and the state appears
to violate the LT; and the large and closed FS emerges
as the hopping of gauge-neutral c-fermions increases, re-
sembling of the phenomena in the cuprates near optimal
doping.
DISCUSSION
In this work, by means of doping the orthogonal semi-
metal, we are able to demonstrate a finite-temperature
Fermi arc state at generic filling in a lattice model of cor-
relate electrons with unbiased large-scale QMC simula-
tions. The state of Fermi arc can indeed happen without
any symmetry-breaking, and therefore appears to violate
the Luttinger theorem. We note our state is different
from the FL∗ phase which has a closed Fermi surface,
enclosing an area that is different from the prediction of
the LT by half BZ, with the other half taken by fraction-
alized excitations. At the phenomenological level, our
Fermi arc state is consistent with the experimental sig-
natures of Fermi surface reconstruction in cuprate ma-
terials in the underdoped regime, and its transitions to
deconfined and confined FL with large FS, and to other
strongly correlated electronic state such as superconduc-
tivity are now ready to be explored.
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SUPPLEMENTAL MATERIAL
QUANTUM MONTE CARLO IMPLEMENTATION
In this supplemental material, we discuss how the quantum Monte Carlo simulation of the model in Eq. (1) is
implemented, while part of this introduction is given in our previous orthogonal metal work [43], the addition of the
composite fermion hopping term Hc has greatly increased the complexity of Monte Carlo simulations, and we have
managed to maintain the similar level of the numerical stability with the block update scheme. We will first recap
the construction of the partition function and then pay more attention to the update scheme of Hc term.
After descritizing the imaginary time β = ∆τLτ , and performing the trace of Ising matter field in the S
z basis, the
trace of Z2 gauge field in σ
z basis, and the trace of fermion degrees of freedom to obtain the fermion determinant,
the partition function of our model in Eq. (1) can be written as
Z =Tr
{
e−βH
}
=
∑
{Szi ,σzb}
exp
∑
l,〈i,j〉
∆τJSzi (l)σ
z
b (l)S
z
j (l) +
∑
i,〈l,l′〉
γsS
z
i (l)S
z
i (l
′)
× exp
∑
l,
∆τK
∏
b∈
σzb (l) +
∑
b,〈l,l′〉
γσσ
z
b (l)σ
z
b (l
′)
×
∣∣∣∣∣det
(
I +
1∏
l=Lτ
B(l)
)∣∣∣∣∣
2
, (2)
where γs = − 12 ln (tanh(∆τh)), γσ = − 12 ln (tanh(∆τg)), and matrices B(l) = exp (V (l)) with V (l) (imaginary time-
slice index l takes values 1, · · · , Lτ , the spatial site index i, j take the values 1, · · · , L2) having elements V (l)〈i,j〉 =
∆τtσzb (l) and V (l)i,i = ∆τµ, we will leave the discussion of the Hc term inside B(l) in the next section. The square
outside of the determinant comes from two speicies of fermion (spin up and down). As the bosonic parts of weights
are always positive, and the fermion part of weight is a square of determinant of real matrix, the whole weight will
be always semi-positive, and it is absence of sign problem.
We therefore perform determinant quantum Monte Carlo to simulate this model, which has been widely used in
simulating fermion boson coupled lattice models and more details can be found in the recent review in Ref. [47]. The
local updates are performed on the Ising matter field {Szi } and Z2 gauge fields {σzb} in a space-time configurational
space with volume L× L× Lτ , where Lτ = β/∆τ with ∆τ = 0.1 and β = L =12, 14, ..., 20, 24.
Scheme to update Hc term
Hc is the hopping of the composite c-fermion as a combination of orthogonal fermion fi,α and spin matter field
Szi . After the path integral of the partition function, it is equivalent to view the spin variable S
z
i = ±1 entering the
hopping matrix of f−fermion.
Hc = −t
∑
〈i,j〉
f†i,αS
z
i fj,αS
z
j + h.c. (3)
Using Trotter decomposition, we can write the B matrix in the fermion determinant in the following form
Bτ = e−∆τTσ,τ · e−∆τTµ,τ · e−∆τTSz,τ (4)
where Tσ is the matrix from Hf term, Tµ is the chemical potential matrix. And the TSz is the matrix TSz,ij = S
z
i S
z
j .
As shown in Fig. 5, we can further exploit the Trotter decomposition to split the TSz matrix into A/B sublattice
8A B
FIG. 5. Blue and red dots stand for the A/B sublattice of Szi and the cross originated from the blue and red dots are the 4
nearest neighbor (NN) interactions of Szi S
z
j .
form
e−∆τTSz,τ =e−∆τTSz,A1,τ · e−∆τTSz,A2,τ · · · e−∆τTSz,AN/2,τ +O (∆τ2) (5)
=e−∆τTSz,B1,τ · e−∆τTSz,B2,τ · · · e−∆τTSz,BN/2,τ +O (∆τ2) (6)
where N = L2 is the number of sites, A/B stands for the elements between Ai/Bi site and its 4 neighboring sites.
Matrix TSz,Ai/Bi is zero except for the entries connected by site Ai/Bi and its 4 neighboring sites, illustrated in Fig. 5
for the Eq. 5 type decomposition.
Unlike the DQMC for Hubbard model, where in order to calculate the ratio of determinants and update Green’s
function only one element of HS field matrix is involved. We have 4 elements changed when update one Szi in c-fermion
hopping term Hc. Now we discuss how to calculate the ratio and update the Green’s function with multiple change
of matrix elements. Firstly introduce the ∆ matrix
e
−∆τTSz,A′
i
,τ = (1 + ∆) e−∆τTSz,Ai,τ ,
e−∆τ ·2·TSz,Ai,τ = (1 + ∆) (7)
Since once we propose an update Szi → −Szi , TSz,A′i,τ = −TSz,A′i,τ . One lattice site has four nearest-neighbor hopping
so we totally have 24 = 16 ∆ matrices. We can compute all of them in advance to avoid repeatedly calculating them
during the simulation.
Below is the general scheme to calculate the ratio and update the Green’s function with k dimensional ∆ matrix
[48].
Define
BM · · ·Bτ+1 ≡ B(β, τ) (8)
Bτ · · ·B1 ≡ B(τ, 0) (9)
Try to flip si,τ ,
det (1 + B(β, τ)B(τ, 0))→ det (1 + B(β, τ)(1 + ∆)(B(τ, 0)) (10)
9The weight ratio is
det (1 + B(β, τ)(1 + ∆)(B(τ, 0))
det (1 + B(β, τ)B(τ, 0))
= det
[
1 + ∆
(
1− (1 + B(τ, 0)B(β, τ))−1)]
= det [1 + ∆(1−G(τ, τ))] (11)
If update is accepted, we also need update Greens’ function
G′(τ, τ) = [1 + (1 + ∆) B(τ, 0)B(β, τ)]−1
= [1 + B(τ, 0)B(β, τ)]
−1
[
(1 + (1 + ∆) B(τ, 0)B(β, τ))
(
(1 + B(τ, 0)B(β, τ))
−1
)]−1
(12)
As we have G ≡ G(τ, τ) = [1 + B(τ, 0)B(β, τ)]−1, we also denote A ≡ B(τ, 0)B(β, τ) ≡ G−1 − 1, then we have
G′(τ, τ) = G [(1 + (1 + ∆) A) G]−1
= G
[(
1 + (1 + ∆)
(
G−1 − 1))G]−1
= G [1 + ∆ (1−G)]−1 (13)
Note ∆ (1−G) only have k rows are none zero, thus can be formulated as the cross product of two rectangular
matrix, ∆ (1−G) ≡ UV, with
U =

0 0 · · ·
...
... · · ·
∆ii ∆ij · · ·
...
... · · ·
∆ji ∆jj · · ·
0 0 · · ·
...
... · · ·
0 0 · · ·

N×k
(14)
and
V = −
 Gi1 · · · Gii − 1 · · · Gij · · · · · · Gi,NGj1 · · · Gji · · · Gjj − 1 · · · · · · Gj,N
...
...
...
...
...
...
...
...

k×N
(15)
Then with the help of generalized Sherman-Morrison formula (I + UV)
−1
= I−U (Ik + VU)−1V, we have
G′(τ, τ) = G [1 + ∆ (1−G)]−1
= G (1 + UV)
−1
= G
[
I−U (Ik + VU)−1V)]
= G−GU (Ik + VU)−1V (16)
Now we try to formulate it in a more standard form (easy extend to delay update). We can factorize U as
U =

0 0 · · ·
...
... · · ·
∆ii ∆ij · · ·
...
... · · ·
∆ji ∆jj · · ·
0 0 · · ·
...
... · · ·
0 0 · · ·

N×k
=

0 0 · · ·
...
... · · ·
1ii 0 · · ·
...
... · · ·
0 1jj · · ·
0 0 · · ·
...
... · · ·
0 0 · · ·

N×k
 ∆ii ∆ij · · ·∆ji ∆jj · · ·
...
...
. . .

k×k
≡ U˜D (17)
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Redefine U = GU˜, S ≡ D (Ik + VU)−1, V = −V, with
U ≡ GU˜ =

G1i G2j · · ·
...
... · · ·
Gii Gij · · ·
...
... · · ·
Gji Gjj · · ·
...
... · · ·
...
... · · ·
GNi GNj · · ·

N×k
(18)
S ≡ D (Ik + VU)−1 (19)
=
 ∆ii ∆ij · · ·∆ji ∆jj · · ·
...
...
. . .

k×k

Ik −
 Gi1 · · · Gii − 1 · · · Gij · · · · · · Gi,NGj1 · · · Gji · · · Gjj − 1 · · · · · · Gj,N
...
...
...
...
...
...
...
...

k×N

0 0 · · ·
...
... · · ·
∆ii ∆ij · · ·
...
... · · ·
∆ji ∆jj · · ·
0 0 · · ·
...
... · · ·
0 0 · · ·

N×k

−1
(20)
and
V ≡ −V =
 Gi1 · · · Gii − 1 · · · Gij · · · · · · Gi,NGj1 · · · Gji · · · Gjj − 1 · · · · · · Gj,N
...
...
...
...
...
...
...
...

k×N
(21)
Then we have weight ratio r = det(Ik + VU) and
G′(τ, τ) = G + USV (22)
Back to our partition function in Eq. (2) and the update of Hc term, as discussed in the beginning of this section,
we have k = 5 for updating Szi . Because we use either Eq. (5) or Eq. (6) to calculate the determinant, we can only
update half of Szi in one Monte Carlo sweep (in the usual sense). So our scheme is to perform one sweep to try to
update A sublattice with Green’s function calculated using Eq. (5) and re-calculate Green’s function using Eq. (6),
then update all B sublattice sites. One ’sweep’ therefore contains two usual sweeps.
MEAN FIELD CALCULATION OF THE DOPED OSM PHASE
In this section, we present a mean-field calculation of the spectral properties in the Fermi arc phase of our phase
diagram. The calculation here is an extension to the doping case of that for the orthogonal semi-metal case in Ref. [42].
We consider the limit of g = t = 0 and neglect gauge field fluctuations and c-fermion hopping terms. Since the
c-fermion spectral function we calculate is a gauge-invariant quantity, we can choose a gauge condition which is
σr,xˆ = (−1)ry and σr,yˆ = 1. The f -fermion (τz field) is a free fermion (scalar field) hopping in the backgroud of the
static gauge field, respectively. So we take the mean-field Hamiltonian
HMFf = −
∑
r,η
tr,ηf
†
r,αfr+η,α − µ
∑
r
f†r,αfr,α (23)
HMFφ =
∑
r
1
2
pi2r +
1
2
ω2
(∑
r
∆φ2r +
1
2
∑
r,η
(φr − tr,ηφr+η)2
)
(24)
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where φr is a real scalar field and pir is its canonical momentum. η takes value in {±xˆ,±yˆ} and the hopping amplitude
tr,η = (−1)ryδη,±xˆ + δη,±yˆ.
The gauge condition breaks the translation symmetry, so momentum space of the mean-field Hamiltonian is defined
on a reduced Brillouin zone(0 < kx < 2pi, 0 < ky < pi). For f -fermion, substituting fr,α =
1√
N
∑
k fk,αe
ikr
HMFf = −
∑
k,k′
f†k,αfk′,α
(∑
η
eik
′η
(
δη,±xˆδk,k′+pikˆy + δη,±yˆδk,k′
)
+ µδk,k′
)
= −
∑
k
2 cos(kx)f
†
k,αfk−pikˆy,α + (2 cos(ky) + µ) f
†
k,αfk,α
= −
∑′
k
(
f†0,α(k) f
†
pi,α(k)
)(2 cos(ky) + µ 2 cos(kx)
2 cos(kx) −2 cos(ky) + µ
)(
f0,α(k)
fpi,α(k)
) (25)
where f0,α(k) = fk,α, fpi,α(k) = fk+pikˆy,α and
∑′
is the sum of momentum in the reduced Brillouin zone. Diagonal-
izing the Hamiltonian, we get the energy spectrum ±(k) and the eigen-modes fρ,α(k) = Vρ,γ(k)fγ,α(k), where γ = ±
, ρ = 0/pi and Vρ,γ diagonalize the Hamiltonian. It is useful to represent fk,α by fγ,α(k)
fk,α = Vρ(k),γ(P (k))fγ,α(P (k)) , ρ(k) =
{
0, ky ∈ [0, pi)
pi, ky ∈ [pi, 2pi)
, P (k) =
{
ky, ky ∈ [0, pi)
ky − pi, ky ∈ [pi, 2pi)
(26)
f -fermion spectrum function is (it is equivalent to understand Af (k, k
′, ω) as Af (k, ω)ρ,ρ′ . Momentum of the later
one is in reduced BZ.)
Af (k, k
′, ω) =
1
2pi
∫
dteiωt
〈{
fk(t), f
†
k′
}〉
=
∑
γ
δ(ω − γ(P (k)))δP (k),P (k′)Vρ(k),γ(P (k))Vρ(k′),γ(P (k))
(27)
−pi 0 pi
kx
−pi
0
pi
k
y
FIG. 6. Mean-field c-fermion spectral function A(k, ω = 0). The parameters are L = 20, T = 0.1, µ = 1.2, ω = 1 and ∆ = −1.1.
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For scalar field, substituting φr =
1√
N
∑
k φre
ikr
HMFφ =
∑
k
1
2
pikpi−k +
1
2
mω2
(
∆φkφ−k + (4− 2 cos(ky))φkφ−k − (2 cos(kx))φkφ−k−pikˆy
)
=
∑′
k,ρ
1
2
pik,ρpi−k,ρ +
∑′
k
1
2
ω2
(
φ0(k) φpi(k)
)(∆ + 4− 2 cos(ky) −2 cos(kx)
−2 cos(kx) ∆ + 4 + 2 cos(ky)
)(
φ0(−k)
φpi(−k)
) (28)
Diagonalizing the frequency matrix, we get the eigen-frequency ωκ(k) and the normal modes φρ(k) = Uρ,κ(k)φκ(k)
(caution: the eigenvalue of the matrix is the square of ωκ(k), so we must set ∆ > 2
√
2 − 4, otherwise the eignvalue
will be negative.). To diagonalize the Hamiltonian, we introduce operatorsaκ(k) =
√
1
2ωκ(k)φκ(k) + i
√
1
2ωκ(k)
piκ(k)
a†κ(−k) =
√
1
2ωκ(k)φκ(k)− i
√
1
2ωκ(k)
piκ(k)
(29)
then the Hamiltonian becomes
HMFφ =
∑′
k,κ
ωκ(k)a
†
κ(k)aκ(k) + const. (30)
Representing φk by a and a
†
φk =
Uρ(k),κ(P (k))√
2ωκ(P (k))
(
aκ(P (k)) + a
†
κ(−P (k))
)
(31)
There is some subtlety in the commutation relation. Notice that φ0(−k)(φpi(−k)) is defined as φ−k(φ−k−pikˆy ), we
will get a strange commutation relation between positive ky and negative ky. In the calculation of Hamiltonian, we
don’t meet any problem because the commutation relation have the same momentum, but that’s not the case in the
calculation of spectrum function. At least, we can require k, k′ > 0 to avoid the subtlety.
Aφ(k, k
′, ω) =
1
2pi
∫
dteiωt 〈[φk(t), φ−k′ ]〉
=
1
2pi
∫
dteiωt
∑
κ,κ′
Uρ(k),κ(P (k))Uρ(−k′),κ′(P (−k′)) 1√
4ωκ(P (k))ωκ′(P (−k′))
× 〈[aκ(P (k))(t) + a†κ(−P (k))(t), aκ(P (−k′)) + a†κ(−P (−k′))]〉
=
∑
κ
[δ(ω − ωκ(P (k)))− δ(ω + ωκ(P (k)))] δP (k),−P (−k′)
× Uρ(k),κ(P (k))Uρ(−k′),κ′(−P (k)) 1√
4ωκ(P (k))ωκ′(−P (k))
(32)
Finally, we calculate the Matsubara Green’s function G(k, k′, ωn) =
∫
dωA(k,k
′ω)
iωn−ω , and convolute f-fermion and scalar
field Green’s function to obtain c-fermion Green’s function, note that c-fermion Green’s function is gauge invariant,
so we can simply set k = k′.
G(k, ωm) =
∑
q,q′,νm
Gf (q, q′, νm)Gf (k + q, k + q′, νm)
=
∑
q,q′,νm,γ,κ
δP (q),P (q′)δP (q+k),−P (−q′−k)Vρ(q),γ(P (q))Vρ(q′),γ(P (q))
× Uρ(q+k),γ(P (q + k))Uρ(−q′−k),γ(−P (q + k))
× 1
iνm − γ(P (q))
1
(νm − ωm)2 + ω2κ(P (q + k))
=
∑
q,q′,νm,γ,κ
δP (q),P (q′)δP (q+k),−P (−q′−k)Vρ(q),γ(P (q))Vρ(q′),γ(P (q))
× Uρ(q+k),γ(P (q + k))Uρ(−q′−k),γ(−P (q + k))
× −βωκ(P (q + k)) tanh(
βγ(P (q))
2 ) + β(γ(P (q))− iωm) coth(βωκ(P (q+k))2 )
2ωκ(P (q + k))(ω2κ(P (q + k)) + (γ(P (q))− iωm)2)
(33)
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The last step is a Matsubara sum which is calculated by the stardard way. As an example, the c-fermion spectral
function from finite size mean-field calculation, with the same temperature and filling compared with that in the
QMC simulation inside the Fermi arc phase, is given in Fig. 6.
